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Abstract 
In this paper, an analytical solution in closed form is developed to determine stresses (radial and circumferential) made of 
functionally graded materials subjected to variable thickness and external pressure. The demand in the recent times for a 
functionally graded materials (FGMs) i.e. materials with spatially varying properties, has attracted attention of many researchers. 
In this, Poisson ratio is taken as constant and the Young’s modulus depends on the radial coordinate only. 
 
The purpose of this research is to find an analytical solution of a thin circular annular disk used in various hardware components 
of computers having a variable thickness profile. The pressure is applied at the external surface of the disk and the results are 
compared with those available in literature. The results obtained are discussed numerically and depicted graphically.     
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1. Introduction 
    In the current scenario functionally graded composite materials (FGMs) is the most important subject of intense 
research. These materials are characterized by a microstructure that is spatially variable on a macro scale and were 
initially developed for high temperature applications.  
The concept of FGM was first introduced in Japan in 1984 by Koizumi [1]. Since then FGMs have played very 
important role in many industrial and defense applications such as compact disc drives, automotive, aircrafts, turbine 
rotors, flywheels, missiles, aerospace and stainless steel cladding of nuclear pressure vessels [2, 3]. Therefore 
composites made of FGMs have been attracting considerable attention in recent years. 
In 2010, Rattan et al. [4] have investigated the steady state creep behavior of isotropic FGM made of aluminium 
silicon carbide particle. In this they used the Sherby’s creep law for the analysis. Finite element analysis is being 
used by Sharma et al. [5] for a thin circular disk where the outer boundary of the disk is maintained at uniform 
temperature. Peng et al. [6] has solved problem on functionally graded rotating solid disk. He considered that the 
disk is divided into three regions in which first and the last region is homogeneous and the middle region is made up 
of FGM. A paper was presented in an International Conference (CF-6) by Garg et al. [7] in which he analyzed the 
creep response of a rotating annular disc made of FGM under variable thickness and temperature gradient. An 
analysis with variable thickness disc with internal pressure was done by Sahni et al. in 2014 [8]. 
Much of the work on FGMs has generally been carried out numerically. In this paper, the elasticity modulus (E) and 
thickness (h) of the discs are a uniform function of radius ‘r’, so that these functions are called functionally graded 
materials. Poisson’s ratio is assumed to be constant. For functionally graded annular rotating discs at constant 
angular velocity under external pressure, closed-form solutions using the infinitesimal theory of elasticity are 
obtained by means of MATHEMATICA 5.2 software. For obtaining the solution, the power law function is used, 
and the gradient parameter n is chosen from 0 to 0.5. Results obtained are depicted graphically and compared with 
the known solution without variation in thickness and external pressure by Callioglu [9]. 
2. Governing Equations 
Consider a circular disk which is thin-walled of internal and external radii ‘a’ and ‘b’ respectively, subjected to 
external pressure ' 'p
 
and variable thickness ' 'h
 
rotating with an angular speed
 
ω . 
The governing equation of equilibrium is given below, 
{ } 2 2( ) ( ) ( ) 0rrd h r rT h r T h r rdr θθ ρω− + =                                                                           (1) 
where ( )h r  is the thickness of the disc varying with position vector ‘r’ and density ρ
 
is constant. 
Here we consider the problem as plane stress of the functionally graded materials with the variation of Young’s 
modulus and thickness in a form, given as 
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Here 0E
 
and 0h  are Young’s modulus and thickness at br =  respectively. The parameter ‘n’ in equation (2) is a 
geometric parameter. 
The strain displacement relationship are given by 
dr
du
r =ε  and 
r
u
=θε                                             (3) 
where rε  and θε  are strains along radial and circumferential direction respectively. Here u is the displacement in 
the radial direction. The strain compatibility equation is  
)( θεε rdr
d
r =
                                               (4) 
The stress - strain relationship is defined as  
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1
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 and )()(
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υε θθθ −=                            (5) 
Defining the stress function (F) satisfying the equilibrium equation of motion (1) as 
( )rr
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r h r
=
 and 2 2
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ρω= +
               (6) 
Now using equations (2), (5) and (6) into a compatibility equation (4), we get 
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2
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01 2 1 2 ( 3 )
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The stress function F is calculated as 
3
1 2
n m n m nF A r A r Ar− + += + +
                                               (8) 
where 1A  and 2A  are the integration constants, ( )( )20 2 2
( 3 )
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and 21 2m n nν= + − . 
The radial and circumferential stresses are calculated as 
1 1 2
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( ) ( ) ( )1 1 2 2 2 21 21 2 3( )
n m n m nT n m A r n m A r n Ar r
h rθθ
ρω− − + − +ª º= − + + + + +¬ ¼
                        (10) 
The boundary conditions are defined as 
              0
rr
T =  at  r = a       
 
rr
T p= −  at  r = b                                                                                                (11)  
Using boundary conditions (11) in equation (9), we get the integration constants 1A  and 2A  as 
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     (12) 
Radial displacement (u) is calculated from equation (3) as 
( )θθν TT
rE
r
u rr −= )(                                (13) 
Numerical Discussion and Illustration 
In this paper, stresses – radial and circumferential are calculated by varying geometric parameter n. The values 
considered are listed below: 
a = 50 mm., b = 100 mm., 250=ω rad / s,
 
72000=oE MPa, n = 0, 0.3, 0.5, p = 0, 10, 20, ૙ ൌ ૛Ǥ ૝. 
In figure 1 Young’s modulus and thickness variations are shown for different values of parameter ‘n’. It is seen that 
the modulus and thickness remains constant when n = 0. With the increase in value of ‘n’ it decreases. With the 
increase in radii ratio (r/b) both increases. 
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Fig. 1: Young’s modulus and thickness variation calculated for different values of geometric parameter                     
n = 0, 0.3, 0.5 and for different radii ratios. 
 
p = 0      p = 10 
 
p = 20 
Fig. 2: Radial stresses for various values of pressure and parameter n. 
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In figures 2 and 3, radial and circumferential stresses are calculated for different values of ‘n’ with varying pressure 
values. When the external pressure is zero the result is same as that of [9]. With the increase in external pressure the 
radial and circumferential stresses decreases and the decrease is significant. From figure 2 it is observed that radial 
stress is maximum in between a and b. The circumferential stress is maximum at the internal surface which acts as 
resisting force and prevents the disc for deformation. With the increase in radii ratio the circumferential stress 
decreases. 
 
p = 0                      p = 10 
 
p = 20 
                           Fig. 3: Circumferential stresses for various values of pressure and parameter n. 
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